ABSTRACT--The design of an instrument is described that measures three resultant force components and three resultant moment components acting on a surface. Within the framework of linear elastostatics of an isotropic homogeneous material the device separates to a given precision the six resultant load components. Sensor paths of finite length are employed. Moreover if fiber-optic differential displacement sensors are used rather than traditional electrical resistance strain gages, the range and sensitivity of the instrument can in principle be improved without sacrificing the device stiffness. The primary reason for these improvements is that a complete solution to the equations of elasticity allows certain displacements to be measured over large distances and be combined to yield all of the resultant load components. These displacement measurements over a long distance accommodates the use of fiber-optic interferometric sensors, The use of optical sensors in contrast with electrical-resistance gages, has the potential to allow the measurement precision and range to scale with the geometry of the device rather than the maximum strain in the instrument. It becomes possible by virtue of these features to produce a better instrument.
Introduction
It is generally desirable to have a load-measuring instrument that is rigid and inherently free of calibration requirements. For a given load, a stiff instrument is less invasive than a more flexible counterpart, in the sense that less energy is required from the measured system. Reducing calibration requirements lowers the number of intrinsic states of a device. This simplification makes the instrument more elemental and thereby increases the measurement confidence. Michigan, College of Engineering, Aerospace Engineering Building, Ann Arbor, M148109-2140 . Original manuscript submitted: January 21, 1992 . Final manuscript received: February 22, 1993 Typical multicomponent load-measuring instruments have some means to generate a response within the device that is particular to one of the desired load components. Frequently the device has a small area that is made sensitive to a single component of the applied load by mechanical means. This mechanical separation of the components is usually accomplished by weakening the instruments's structure along certain paths.l' 2 These weakened locations not only provide some separation of the various components, but due to their higher strain make ideal places to mount electrical strain gages. 3
Peter D. Washabaugh is Assistant Professor of Aerospace Engineering, University of
Unfortunately this methodology has several disadvantages. Increasing the strain in the instrument decreases the overall stiffness and typically precludes its use as a primary or critical load-bearing structure. Further, most transducers frequently retain significant sensitivity to off design loading conditions. A way to correct for this crosstalk is to calibrate the instrument in a combined loading environment and compensate for the undesired properties by external circuitry. 4 The inspiration for this investigation comes from recognizing that typical multicomponent 224 load transducers ' ' rely on structural-mechanics concepts such as Bernoulli-Euler beam theory or Kirchhoff plate theory 5 for their design. The present goal is to investigate an instrument's design if the more refined strains of a complete solution to the equations of elasticity are utilized. In particular the intention is to determine means to eliminate cross-talk in sensing load components and improve the overall stiffness, range, and precision of the instrument.
Here a methodology is described for the construction of a multicomponent load transducer that makes several improvements on conventional designs. Within the framework of linear elastostatics of an isotropic homogenous material, and one-dimensional strain or displacement sensors, this transducer alleviates some calibration problems by separating the signals of all the six resultant load components to a desired precision. The use of a complete solution allows the load-component separation to be maintained even for long sensor paths. The protracted sensor paths accommodates the use of displacement sensors such as fiber-optic Mach-Zehnder interferometers. 6 Using displacement sensors in lieu of electrical-resistance strain gages allows the measurement range and precision to be scaled with the geometry of the transducer rather than the maximum strain. Explicitly removing the strain from the measurement scaling has the potential to allow a stiffer instrument without sacrificing range or sensitivity. Further, reducing the maximum strain admits the use of the instrument as a primary load-bearing element.
A Complete Solution in Elastostatics: A Cylinder with End Loads
There are several exact solutions of finite regions with arbitrary loads in three-dimensional elasticity. For example, prismatic structures with either rectangular or elliptical cross-sections and tractions on the end faces have been solved. 7 A prismatic tube with a circular section was chosen for this investigation for the simple reason that under pure torsion the cross-section does not warp. 7 A hollow tube is employed to give some flexibility in scaling the geometry.
Consider a prismatic circular tube of outside radius a, inside radius b, and half length c as shown in Fig. 1 . The axis of the cylinder is aligned with the x3 direction of a Cartesian coordinate system (Xl, x2, x3). For convenience a typical cylindrical coordinate system (r, 0, x3) is also defined.
The cylinder is assumed to be in static equilibrium. The positive face of the cylinder, at x3 = c, is loaded by arbitrary surface tractions. The lateral surfaces, r = a and r = b are not loaded. The cylinder is further loaded by a constant gravitational acceleration, g3, in the x3 direction, and strained by a uniform change in temperature AT, measured from ambient. The negative end of the cylinder, at x3 = -c, has the surface tractions necessary to maintain static equilibrium.
Integrating the arbitrary surface tractions on the positive face of the cylinder yields the resultant or statically equivalent loads. 8 The three resultant force components due to the applied surface tractions on the x3 = c face are denoted by F~ where i (i = 1, 2, 3) indicates the component direction. The three resultant moment components on the same face are similarly denoted by M~, assuming the moment is positive in the direction of the Cartesian coordinate system using a right-hand rule.
The cylinder is assumed to be composed of an isotropic, homogeneous, linear elastic material. Let E denote the Young's modulus, v the Poisson ratio, P the density, and c~ the coefficient of thermal expansion of the material. This problem can be made nondimensional as given in eq (1). For a particular set of surface tractions, the components of the Lagrangian strain tensor in the Cartesian coordinate system, throughout the entire cylinder, are given by eq (2). 7 Equation (3) defines terms that are used to m~e the strain equations more compact. Note that A,I,J, and G are nondimensional versions of the cross-sectional area, moment of inertia, torsional constant, and the shear modulus, respectively. 
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